
A Density Functional Theory for Lennard-Jones Fluids in Cylindrical
Pores and Its Applications to Adsorption of Nitrogen on MCM-41

Materials

Bo Peng and Yang-Xin Yu*

Department of Chemical Engineering, Tsinghua UniVersity, Beijing 100084, People’s Republic of China,
and State Key Laboratory of Chemical Engineering, Tsinghua UniVersity, Beijing 100084, People’s

Republic of China

ReceiVed July 29, 2008. ReVised Manuscript ReceiVed September 5, 2008

A density functional theory (DFT) constructed from the modified fundamental-measure theory and the modified
Benedict-Webb-Rubin equation of state is presented. The Helmholtz free energy functional due to attractive interaction
is expressed as a functional of attractive weighted-density in which the weight function is a mean-field-like type. An
obvious advantage of the present theory is that it reproduces accurate bulk properties such as chemical potential, bulk
pressure, vapor-liquid interfacial tension, and so forth when compared with molecular simulations and experiments
with the same set of molecular parameters. Capabilities of the present DFT are demonstrated by its applicability to
adsorption of argon and nitrogen on, respectively, a model cylindrical pore and mesoporous MCM-41 materials.
Comparison of the theoretical results of argon in the model cylindrical pore with those from the newly published
molecular simulations indicates that the present DFT predicts accurate average densities in the pore, slightly overestimates
the pore pressure, and correctly describes the effect of the fluid-pore wall interaction on average densities and
pressures in the pore. Application to adsorption of nitrogen on MCM-41 at 77.4 K shows that the present DFT predicts
density profiles and adsorption isotherms in good agreement with those from molecular simulations and experiments.
In contrast, the hysteresis loop of adsorption calculated from the mean-field theory shifts toward the low pressure region
because a low bulk saturated pressure is produced from the mean-field equation of state. The present DFT offers a
good way to describe the adsorption isotherms of porous materials as a function of temperature and pressure.

1. Introduction

Fluids adsorbed in meso- and microporous materials exhibit
a wide range of phase behavior that is very different from and
even much richer than that of the corresponding bulk state.1

These interesting surface-driven phase behaviors steming from
the introduction of confinement have widely practical applications
such as gas storage,2,3 chromatography, oil recovery, and
membrane technologies.4 As the need for a deep understanding
of newly synthesized materials such as carbon nanotubes and
molecular sieves increases, a wide range of theoretical and
molecular simulation research works have been carried out to
help understand and explain experiment results.5-9 Instead of
classical thermodynamics, statistical mechanic theories are used
to predict fluids confined in narrow pores because of the highly
inhomogeneous nature of the confined fluid.10 Density functional
theory (DFT), which is based on the idea that the free energy
of the inhomogeneous fluid can be expressed as a functional of
spatial variation of the average one-body densityF(r),11 has proved

to be a very successful and general method for analyzing the
thermodynamic and structural properties of inhomogeneous
fluids.12

In the past years, a combination of the mean-field (MF)
approximation on different versions of DFTs has been used to
elucidate the phase diagrams of simple fluids in narrow pores.
It has proved that the crudest local density approximation (LDA)
gives a poor representation of the fluid structure and fails to
reproduce the phase diagrams and adsorption isotherm, while
Tarazona’s smoothed density approximation (SDA)13,14 provides
a quite accurate result in good agreement with the simulation
data.10 In the SDA of Tarazona, smoothed density is weight
averaged over the original density profile with weighting functions
chosen to fit the direct correlation functions of the bulk fluids.
In contrast to most alternative DFTs, the fundamental measure
theory (FMT) of Rosenfeld15 and its variations16-18 do not require
the direct correlation function as an input, but rather reproduce
the Percus-Yevick direct correlation function as an output
in the limit of bulk fluid. They represent a special position for
their appealing theoretical background and high accuracy for a
wide class of models for which a shape of particle is well defined.
In particular, the modified fundamental measure theory (MFMT)
proposed by Yu et al.16,17 predicts very accurate density profiles
and adsorption isotherms for hard spheres and polydisperse hard-
sphere mixtures inside slitlike and cylindrical pores,3 around
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cylinders,19 and around spherical solid surfaces as well as the
correlation functions for homogeneous hard spheres and poly-
diperse hard-sphere mixtures. For a hard-sphere fluid near a soft
wall, Ravikovitch et al.20 showed that both the SDA and FMT
predicted density profiles in good agreement with that of grand
canonical ensemble Monte Carlo (GCMC) simulations.

However, in most applications of DFT to gas adsorptions,7,20-22

the MF theory was used to implement the attractive contribution
to the Helmholtz free energy functional. The main discrepancies
between the MF approximation DFT and molecular simulations
lie in the bulk properties, which are determined by the attractive
MF part in the DFT. The MF theory fails to reproduce the phase
diagram of molecular simulations and experiments with the same
set of molecular parameters because of the neglect of the attrac-
tive forces on the intermolecular correlations. This is very obvious
at low pressure, especially when capillary condensation is
concerned. As a result, the different sets of parameters have to
be determined from the fit of the DFT equation of state to
experimental data at a specific temperature.7,20-22 A number of
attempts have been made to obtain an improved description of
the attractive interactions. Medros et al.23 proposed a perturbation
weighted density approximation for the contribution of the
attractive interaction with a local compressibility equation, which
gives a good description of a bulk phase diagram of Lennard-
Jones fluid as simulations. In recent years, researchers24-26 tried
to evaluate the attractive contribution to the Helmholtz free energy
functional through a quadratic functional Taylor expansion around
a uniform fluid, and have achieved great successes. In these
approaches, the direct correlation function of the bulk fluid was
used as an input, and the hard-core contribution was obtained
from the MFMT. To our knowledge, there is no report on the
application of the DFT to the fluid confined in a cylindrical pore
in which the used DFT could reproduce the accurate bulk
properties of the molecular simulations and experiments.

The main goal of this work is to make a step toward using
DFT to reproduce the results of molecular simulations and
experiments. We present a DFT based on the MFMT and the
modified Benedict-Webb-Rubin (MBWR) equation of state.27

In order to correct the deviation of the MF approximation DFT
to molecular simulations, the MBWR equation of state and a
weighted density of attractive interaction evaluated in an MF
way are selected to reduce the deviations between the theory and
experiments in the bulk case. In this way, the DFT could give
a good description of the Helmholtz energy for both inhomo-
geneous and homogeneous fluid, which is comparable to the
molecular simulation results. We will test the proposed method
by applying it to the adsorption and desorption in the cylindrical
confinement in this work.

The rest of this paper is organized as follows. In section 2 we
briefly describe the DFT proposed in this paper. Numerical results
for the bulk surface tension, density profiles, and adsorption
isotherms are presented and compared with molecular simulations
and experiments in section 3. The proposed DFT will be tested

against molecular simulation data of argon adsorption in model
cylindrical pores, and applications to nitrogen adsorption on
MCM-41 will be presented in this section. Some conclusions are
given in section 4.

2. Density Functional Theory

In a DFT, the grand potential functional Ω[F(r)] of the system
can be expressed as a functional of one-body fluid density
distribution of fluid through the Legendre transform:

Ω[F(r)])F[F(r)]+∫ [Vext(r)- µ]F(r)dr (1)

where F[F(r)] is the intrinsic Helmholtz energy functional, Vext(r)
represents the external potential exerted by the pore wall, µ is
the chemical potential, and F(r) is the one-body fluid density
distribution. In equilibrium, the density distribution corresponding
to the minimum of the grand potential is obtained from the Euler
equation:

(δΩ[F(r)]
δF(r) )µ,V,T

) 0 (2)

The Helmholtz free energy functional can be expressed as a sum
of an ideal gas plus an excess term:

F[F(r)])Fid[F(r)]+Fex[F(r)] (3)

The ideal gas term is known exactly from classical statistical
mechanics:

Fid[F(r)]) kBT∫ F(r){ln[F(r)Λ3]- 1}dr (4)

where Λ) (h2/2πmkBT)1/2 is the thermal de Broglie wavelength,
h is the Planck constant, m is the mass of the fluid molecule, kB

is the Boltzmann constant, and T is the absolute temperature.
The excess free energy functional can be decomposed into the
contribution from hard-core repulsion, and that due to long-
range attractive interactions:

Fex[F(r)])Fhs
ex[F(r)]+Fatt

ex[F(r)] (5)

where the subscripts hs and att represent, respectively, the hard-
sphere and attractive contributions to the Helmholtz free energy
functional. If we use Lennard-Jones potential to represent the
interactions between fluid molecules, the separation of fluid-fluid
intermolecular potential can be made on the basis of the weighted
curvature approximation scheme28

uatt(r)) { -ε r < rm

4ε[(σ
r )12

- (σ
r )6] rm < r < rc

0 r < rc

(6)

where σ and ε are, respectively, the well depth and distance
parameters of the Lennard-Jones potential, rm is the distance
where the intermolecular potential reaches a minimum, i.e., rm

) 21/6σ, and rc is the cutoff distance.
To derive the excess Helmholtz energy functional due to hard

sphere, we follow the procedure proposed by Yu and Wu:16,17

Fhs
ex[F(r)]) kBT∫Φhs[nR(r)]dr (7)

where Φhs[nR(r)] is the excess Helmholtz free-energy density
due to the hard-core repulsion, and nR(r) is the hard-sphere
weighted density defined as
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nR(r))∫ dr′F(r ′ )w(R)(r - r ′ ) (8)

where R ) 1, 2, 3, V1, and V2. The weight functions w(R)(r) are
given by15

w(2)(r))πd2w(0)(r)) 2πdw(1)(r)) δ(d ⁄ 2- r) (9)

w(3)(r))Θ(d ⁄ 2- r) (10)

w(V2)(r)) 2πdw(V1)(r)) r
r
δ(d ⁄ 2- r) (11)

where Θ(r) is the Heaviside step function, d is the effective
hard-sphere diameter, and δ(r) denotes the Dirac delta function.
In the MFMT, the Helmholtz free-energy density consists of
terms dependent on scalar- and vector-weighted densities:

Φhs[nR(r)])Φhs(S)[nR(r)]+Φhs(V)[nR(r)] (12)

where the superscripts (S) and (V) represent the contributions
from scalar- and vector-weighted densities, respectively. The
scalar Helmholtz energy density is given by16,17

Φhs(S)[nR(r)])-n0 ln(1- n3)+
n1n2

1- n3
+

n2
3 ln(1- n3)

36πn3
2

+

n2
3

36πn3(1- n3)
2

(13)

and the vector part is expressed by

Φhs(V)[nR(r)])-
nV1 · nV2

1- n3
-

n2nV2 · nV2 ln(1- n3)

12πn3
2

-

n2nV2 · nV2

12πn3(1- n3)
2

(14)

In the limit of the homogeneous fluid, the two vector-weighted
densities nV1 and nV2 vanish, and the Helmholtz free-energy
densitybecomesidenticaltothatderivedfromtheCarnahan-Starling
equation of state.29

To obtain the contribution of long-range van der Waals
interaction to the excess Helmholtz energy functional, the MF
theory was traditionally used. In the MF theory, the attractive
contribution is expressed as

Fatt[F(r)]) 1
2
∫∫F(r)F(r′)uatt(|r - r′|)drdr′ (15)

The bulk chemical potential and pressure of the fluid is described
by the following equation of state:

µ(F)) µhs(F)+F∫ uatt(r)dr (16)

p) phs +
1
2
F2∫ uatt(r)dr (17)

where µhs(F) and phs are the chemical potential and the pressure
of the hard-sphere fluid, respectively. Regrettably, eqs 16 and
17 are unable to accurately describe the bulk properties of the
fluid. Thus, in this work we use a mean-field weighted density
functional theory (MFWDFT) for the attractive contribution to
the excess Helmholtz free energy functional, which is expressed
as

Fatt[F(r)])∫ F(r)ψatt[F(r)]dr (18)

where ψatt[Fj(r)] is the attractive contribution to the excess
Helmholtz free energy per particle of a bulk fluid with density
Fj(r). The weighted density for attractive part, Fj(r), is defined by

F(r))∫ F(r′)w(att)(|r - r′|)dr′ (19)

where w(att)(r) is a normalized weight function, and in the MF
theory it can be obtained by

w(att)(r)) uatt(r) ⁄∫ uatt(r)dr (20)

In order to obtain accurate bulk properties for the Lennard-
Jones fluid, we adopt the MBWR equation of state with the
parameters given by Johnson et al.27 In the MBWR equation of
state,27 the attractive contribution to the excess Helmholtz free
energy per particle takes the form

ψatt(F)) ε∑
i)1

8 ai(F * )i

i
+ ε∑

i)1

6

biGi -ψCS (21)

where the coefficients ai and bi are functions of temperature
only, and the coefficients Gi are functions of density. The
functional forms of the ai, bi, and Gi as well as the values of the
parameters for the MBWR equation of state27 can be found in
ref 27. ψCS is the hard-sphere part of the Helmholtz free energy
per particle obtained from the Carnahan-Starling equation of
state:29

ψCS(F)) kBT
4η- 3η2

(1- η)2
(22)

where η ) πFd3/6 is the packing fraction.
Once we have the expression of excess Helmholtz free energy

functional, we can use the Euler equation to obtain the equilibrium
density profiles by an iteration method. In all the following results,
the reduced quantities are used. For example, reduced density
F*)Fσ3, reduced temperature T*) kBT/ε, reduced pore diameter
D* ) D/σ, reduced pressure p* ) pσ3/ε, and reduced chemical
potential µ* ) µ/ε.

3. Results and Discussion

3.1. Phase Equilibrium and Surface Tension of Bulk Fluid.
A good DFT should not only predict the accurate density profile
in confining geometry, but also reproduce the thermodynamic
properties of bulk fluid. The bulk phase diagram of the Lennard-
Jones fluid predicted from the MF and MBWR27 equations of
state are compared with molecular simulation data30,31 in Figure
1. The MBWR equation of state gives a very good description
of the bulk phase behavior of the Lennard-Jones fluid when
compared with the molecular simulations. Since the results of
the MF theory are dependent on the hard sphere diameter used,
the MF theory may lead to excellent agreement with molecular
data if the expression of hard-sphere diameter is properly chosen.32

Two cases, i.e., the hard-sphere diameter of Lu et al.33 and of
d ) σ are considered in Figure 1a. The MF theory fails to give
a good description of bulk properties, especially in saturated
liquid density and pressure, just as concluded by Gubbins.34

Although the prediction of saturated liquid density may be
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improved using the diameter by Lu et al.,33 the deviations between
calculated pressure and the simulation pressure are larger than
those from MF theory with d ) σ. In general, the MF theory
overestimates the critical temperature of the Lennard-Jones fluid.
Figure 1b shows that MF theory with hard-sphere d ) σ gives
a good description at low density and high density in the
density-chemical potential plane at reduced temperature T* )
1.0. It should be pointed out that Ravikovitch and Neimark20

tested different versions of the MF theory by varying potential
splitting methods and hard-sphere diameter, and found that none
of the MF theories can reproduced both equilibrium liquid density
and saturated pressure in the full range of temperature. Then
they fitted the MF equation of state to experimental data to obtain
the Lennard-Jones parameters for the MF theory. In their method,
two sets of different Lennard-Jones parameters are used for
molecular simulation and nonlocal DFT calculations. Because
our DFT is based on the MBWR equation of state, which
reproduces the bulk properties very well, it is possible for us to
use the same set of Lennard-Jones parameters for both simulations
and DFT calculations. Furthermore we select a hard-sphere
diameter d ) σ in both the MF theory and DFT calculations in
this paper.

An accurate prediction of surface tension of bulk fluid is the
first step for a model to describe vapor-liquid phase transition
in pores. Thus the surface tensions of argon and nitrogen are
predicted from the present DFT and the results are compared
with those from molecular simulation,35 experiments,36,37 and

MF theory in Figure 2. In both the MF theory and present DFT,
the surface tension of the vapor-liquid interface was obtained
from the excess grand potential of the system by

γ) (Ω-Ωb) ⁄ A (23)

where A is the area of the interface, and Ω and Ωb are the grand
potentials containing two phases in equilibrium and one bulk
phase (saturated vapor or liquid), respectively. In the theoretical
calculations, the Lennard-Jones parameters for argon and nitrogen
are the same as used in the molecular simulations, i.e., σ) 0.340
nm and ε/kB ) 119.0 K for argon7 and σ ) 0.3615 nm and ε/kB

) 101.5 K for nitrogen.20 The experimental surface tensions of
argon and nitrogen were obtained from the empirical formula of
Kai et al.37 with the critical temperatures from Reid et al.38 It
can bee seen from Figure 2 that the present DFT predicts the
surface tensions for both argon and nitrogen in good agreement
with the simulation and experimental data, while the MF theory
overestimates the surface tensions in the whole temperature range
considered.

3.2. Lennard-Jones Fluid Adsorption in Model Cylindrical
Pores. Lennard-Jones potential is a good model for argon and
nitrogen, as shown in the previous section. The cylindrical pore
is a more closed system compared to a slit pore. In our experience
with cylindrical pores with a radii smaller than 5σ, we have
found that it takes fairly a long time for the molecules to
move to a compact structure because of the large curvature of
the small pore. It is interesting to note that, compared to the
previous work,39 recent molecular simulations40 begin to realize
this problem, and more additional configurations are calculated
using powerful supercomputers.

Nowadays the rapid development of computation equipment
makes large computational tasks possible. Hamada et al.31 used
supercomputing equipment to investigate phase equilibria and
interfacial tensions in confined cylindrical pores. A more general
model was employed. In their work, 20 × 106 to 500 × 106

configurations were generated for equilibration, and 20 × 106

(35) Mecke, M.; Winkelmann, J.; Fischer, J. J. Chem. Phys. 1997, 107, 9264–
9270.
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(39) Puibasset, J. J. Phys. Chem. B 2005, 109, 8185–8194.
(40) Puibasset, J. J. Chem. Phys. 2007, 127, 154701.

Figure 1. (a) Vapor-liquid phase diagram and saturated vapor pressure
(inset) of the Lennard-Jones fluid with cutoff distance rc ) 5σ and (b)
F*-µ* isotherms of the Lennard-Jones fluid. Solid, dashed, and dotted
lines represent the results from the MBWR equation of Johnson et al.,27

MF equation of state with hard-sphere diameter d ) σ, and with the
diameter from Lu et al.,33 respectively. Opened circles and triangles
represent the molecular simulation data of Lotfi et al.30 and Hamada et
al.,31 respectively. Dash-dotted lines in panel b indicate hysteresis loop
from the molecular simulations.

Figure 2. Comparison of the predicted vapor-liquid surface tensions
with the experimental data and simulation results for argon and nitrogen.
Open circles, solid lines, and dashed lines represent the results from the
molecular dynamics simulations,35 present DFT theory, and MF theory,
respectively. Open squares represent the experimental data of nitrogen
from Yaws.36 Up- and down-triangles represent the experimental data
from Kai et al.37 for nitrogen and argon, respectively. In the theoretical
calculation, a cut-and-shifted distance rc ) 5σ was used.
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to 1.5 × 109 configurations were used for averaging. Compared
to previous work,39,41 the system was fairly large, and the length
of the cylindrical cell (200σ) was long enough. This work provides
very good simulation data to test the accuracy of the present
DFT.

As for a real pore, the wall effect can be split into two parts:
one is the purely geometric constraint expressed in hard walls
as examined above, and the other is long-range interactions
expressed in a nonuniform continuous potential field. The form
of solid-fluid potential plays an important role in the structure
of the density profile. To simplify the problem, a uniform potential
averaged over the inner space of the real pore is used, as done
by Hamada et al.31 This simplification greatly underestimates
nonuniformity of confined circumstance, especially the attraction
near a solid wall, but in a narrow pore this effect may be less.
Therefore, the interaction potential between Lennard-Jones fluid
and a model cylindrical pore wall is expressed as

Vext(r)) { εw, re (D-σ) ⁄ 2
∞, otherwise

(24)

where εw is the well depth of the external potential, and D is the
diameter of the cylindrical pore. The adsorption of the Lennard-
Jones fluid (argon) in the cylindrical pore is represented as the
average number density in the pore:

Fp )
2

R2∫0

R
F(r)rdr (25)

where R ) D/2 is the radius of the cylindrical pore. The pressure
in the pore is obtained from the grand potential via

pp )-Ω ⁄ V (26)

In Figure 3, the average density in the hard cylindrical pore
(D ) 5σ and εw ) 0) from the present DFT is compared with
the GCMC simulation data as a function of chemical potential
at different temperatures. The present DFT gives a good
description of adsorption curves when compared with the GCMC
simulations. We have seen from Figure 1b in the bulk fluid that
the argon undergoes a gas-liquid first-order phase transition at
T*)1.0, but this transition does not take place in a hard cylindrical
pore with diameter D ) 5σ when T* g 0.9, as predicted from
both the present DFT and GCMC simulations due to the
confinement of the cylindrical wall. Both the present DFT and
GCMC simulations show that the argon in the pore is supercritical

when T* g 0.9, indicating that the critical temperature of the
fluid in the pore is lower than that of bulk fluid. At a lower
temperature T* ) 0.7, both the present DFT and GCMC
simulation predict a first-order capillary condensation, and the
only difference is that the gap between the adsorption/desorption
branch of the simulations is nearly superimposed (not shown in
Figure 3), but the one from the DFT is obvious. As the temperature
is increased, the hysteresis loop narrows and disappears at the
critical temperature in the pore.

The deviation of the critical temperature in the cylindrical
pore between the present DFT and GCMC simulations may
be attributed to dimension crossover, especially for narrow
pores. When the pore radius becomes small, the fluid in the
pore behaves like a one-dimensional fluid. In this case, if a
DFT cannot reduce to the one-dimensional case, its perfor-
mance will be bad in narrow pores. It seems that the present
DFT does not behave well in narrow pores, and this results
in a discrepancy between the theory and simulations at the
phase transition for the Lennard-Jones fluid.

The average density and pressure in hard cylindrical pores of
the Lennard-Jones fluid at T* ) 1.0 are plotted in Figure 4a,b,
respectively. The cylindrical pores with diameters D ) 5 and
11σ are considered. From Figure 4a one can see that Fp

*-Fb
*

isotherms calculated from the present DFT agree with the GCMC
simulations very well. The present DFT nearly superimposes the
GCMC simulations where the density increases abruptly. The
horizontal part of Fp

*-Fb
* curve for D ) 11σ represents the

vapor-liquid phase transition in the bulk fluid, while the vertical
part indicates the phase transition in the pore. There is no hysteresis
loop found in the small pore with a diameter of 5σ, indicating

(41) Peterson, B. K.; Gubbins, K. E.; Heffeilfinger, G. S.; Marconi, U. M. B.;
van Swol, F. J. Chem. Phys. 1988, 88, 6487–6500.

Figure 3. Fp
*-µ* isotherms of Lennard-Jones fluids in hard cylindrical

pores (εw ) 0) with a diameter of D ) 5σ. Symbols and solid lines
represent the results from the GCMC simulations27 and the present
DFT, respectively. Dashed lines indicate hysteresis.

Figure 4. (a)Fp
*-Fb

* and (b) pp
*-pb

* isotherms of Lennard-Jones fluids in
hard cylindrical pores (εw ) 0) with different diameters (D ) 11 and
5σ) at reduced temperature T* ) 1.0. Symbols and lines represent the
results from the GCMC simulations27 and the present DFT, respectively.
Dashed lines and open triangles are for D ) 5σ, solid lines and opened
circles are for D ) 11σ, and the dotted lines in panel “a” indicate
hysteresis.
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that the fluid is supercritical at T* ) 1.0 in the pore, while, in
the larger pore with a diameter of 11σ, a narrow hysteresis loop
is found. At the same bulk density, the larger pore has a stronger
adsorption due to the less repulsive effect of the hard cylindrical
pore walls.

From Figure 4b one can see that the pressure in the pore
predicted from the present DFT is slightly higher than those
from the GCMC simulations. Figure 4b also shows that the
pressure in the hard cylindrical pores is smaller than the corres-
ponding bulk pressure. The pressure in the large pore is closer
to the bulk pressure than that in the small pore in the case of hard
cylindrical pores (εw ) 0).

To investigate the effect of the fluid-pore wall attractive
interaction, the average density and pressure in the pores with
different wall parameters at T* ) 1.0 are presented in Figures
5 and 6, respectively. If the attractive potential is strong enough
even at a very low bulk density, there is liquid-like dense fluid
existing in the pore. As the attractive interaction becomes stronger,
the wall-fluid attraction becomes dominant, resulting in average
densities in the pore larger than the corresponding bulk ones.
However, as the bulk density reaches the liquid branch, none of
the potential can make Fp

* ) Fb
*. The present DFT captures all

these phenomena, and the predicted average densities in the pores
are in good agreement with those from the molecular simulations.

Figure 6a shows that the pressures in the pore predicted from
the present DFT agree fairly well with the GCMC simulations,
and, as the wall attraction becomes stronger, the deviations
between the present DFT and simulations are less appreciable.
The stronger the pore wall attraction is, the higher the pressure
in the pore. At high pressures, the magnitude of statistical error
in the pressure is obvious for the molecular simulations, especially
when the wall potential is strong and the density in the pore is
high, but the present DFT can give a very smooth curve.

It is very interesting to examine the horizontal parts on the
isotherms in Figure 5 and the crosses near pb

* ) 0 in Figure 6a.
At the two end points of the horizontal parts with the same Fp

*

corresponding to the vapor and liquid branches, the µb
* and pp

*

are same, while pb
* is not necessarily the same. However, the

cross points in Figure 6a have a same bulk pressure, indicating
vapor-liquid phase equilibrium of the bulk fluid. To show this
phenomenon clearly, we plotted the pressure in the pore at low
bulk pressure region in Figure 6b. From this figure one can see
that, for different attractive potentials, the pressure branch
corresponding to vapor phase and the branch corresponding to
liquid phase are intersected at the saturated bulk pressure. We

call it a stationary point that is always held in both attractive and
repulsive pores.

3.3. Capillary Condensation of Nitrogen on MCM-41-Type
Materials. The vapor in nanopores is able to condense into liquid-
like dense fluid at gas pressure below the bulk saturated vapor
pressure at some given temperatures. Since this transition occurs
at a low pressure, it is difficult for the MF theory to get the results
consistent with molecular simulations and experiments. In
this work, the capillary condensation of nitrogen in cylindrical
pores of MCM-41 type materials is modeled using the present
DFT. To compare with the simulations, the Lennard-Jones
parameters in the present DFT calculations are set to be the same
as the GCMC simulations given in section 3.1, and the cutoff
distance for fluid-fluid interactions is rc ) 5.0σ. This selection
of the Lennard-Jones parameters is different from the litera-
ture,7,20,22 where the parameters were obtained for nonlocal DFT
by fitting experimental data.

The interaction between nitrogen and an MCM-41 cylindrical
pore wall is expressed by the potential given by Tjatjopoulos:42
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where R ) D/2 is the radial coordinate of the adsorption centers,
Fs is the surface number density of the adsorption centers, and

(42) Tjatyopoulos, G. J.; Feke, D. L; Mann, J. A., Jr J. Phys. Chem. 1988, 92,
4006–4007.

Figure 5. Comparison of predicted average density in the cylindrical
pore (D ) 5σ) with those from the GCMC simulations at reduced
temperature T*) 1.0 and different fluid-pore wall interactions. Symbols
and lines represent the results from the GCMC simulations31 and the
present DFT, respectively.

Figure 6. (a) Pressure in the cylindrical pore (D ) 5σ) as a function
of bulk pressure at reduced temperature T*) 1.0 and different fluid-pore
wall interactions, and (b) pressure in the pore at low bulk pressure
region. The meaning of the symbols is the same as in Figure 5, except
that the dashed vertical line in panel “b” indicates the bulk saturated
pressure.
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F[R,�;γ;δ] is the hypergeometric series. For nitrogen adsorption
on MCM-41-type materials, we take the solid-fluid interaction
parameters as Fs ) 15.3 nm-2, σsf ) 0.317 nm, and εsf/kB )
147.3 K, which were determined by Ravikovitch et al.43 from
the fit of experiemental data in the multilayer adsorption region.

Figures 7-9 depict comparisons of density profiles predicted
from the present DFT with those from the GCMC simulations
in MCM-41 cylindrical pores with diameters D) 5, 10, and 20σ,
respectively. As can be seen from these figures, the density profiles
from the present DFT match those from the simulations20 very
well. Under these conditions, the fluid in the pore is liquid-like,
and the molecules arrange in annuli within the pore. For large
pores (see Figure 9), there are particles existing in the center of
the pore, while, when the diameter of the pore is reduced to a
diameter of 5σ, only two annuli of molecules exist in the pore,
and the density in the center is nearly zero. The first peak close
to the wall has a similar high intensity in density for the pores
with the three diameters, which suggests the wall-fluid attractive
interaction is dominant. As can be seen by the nearly zero densities
between the first two pronounced peaks, the particles in them
can hardly move freely between these two annuli because the
strong attractive force due to wall-particle interaction nearly
fixes the first annulus of particles clinging to it. However, this
kind of attractive force decays dramatically as the distance is
increased, and the particles in the other adjacent peaks exchange
more freely. In the center of the large cylindrical pores, where

the molecules are far away from the solid walls, the solid-fluid
potential affects fluid weakly, and the fluid in this area behaves
like in the bulk case.

To investigate the adsorption of nitrogen on MCM-41 type
materials, the adsorption of nitrogen was obtained by integrating
density profiles,

Γ(µ)) 2
D- σss

∫0

D⁄2
F(r)rdr (28)

where σss ) 0.276 nm is the effective diameter for oxygen in
silica. Since Fb(µ) is very small in this system, no calibration was
included in the adsorption.

Figures 10-12 demonstrate adsorption isotherms of nitrogen
on MCM-41-type materials with diameters D ) 24.9, 20, and
14.9σ, respectively. In Figures 10-12, the transverse axis is
p/p0, where p and p0 are the bulk pressure and bulk experimental
saturated pressure (i.e., p0σ3/ε ) 3.585 × 10-3) for nitrogen at
77.4 K, respectively. The adsorption and desorption isotherms
calculated from the present DFT and GCMC simulations20 agree
well with each other. The adsorption is almost the same as the
GCMC simulation data at single vapor or liquid phase. Only a
slight overestimation occurs at vapor metastable states. Our
method nearly reproduces the whole phase diagrams generated
from the simulations. The adsorption isotherms from the MF
approximation are similar in shape to those from the simulations,
but an obvious deviation is observed. Since the bulk MF equation
of state substantially underestimates the equilibrium pressure,

(43) Ravikovitch, P. I.; Haller, G. L.; Neimark, A. V. AdV. Colloid Interface
Sci. 1998, 77, 203–226.

Figure 7. Comparison of predicted radical density profiles of nitrogen
in a cylindrical pore with a diameter of D ) 5σ at 77.4 K and p/p0 )
0.014. Open circles and the solid curve represent the results from the
GCMC simulations20 and the present DFT, respectively.

Figure 8. Comparison of predicted radical density profiles of nitrogen
in a cylindrical pore with a diameter of D ) 10σ at 77.4 K and p/p0 )
0.38. The meaning of the symbols is the same as in Figure 7.

Figure 9. Comparison of predicted radical density profiles of nitrogen
in a cylindrical pore with a diameter of D ) 20σ at 77.4 K and p/p0 )
0.822. The meaning of the symbols is the same as in Figure 7.

Figure 10. Adsorption isotherms of nitrogen on a silica cylindrical pore
with a pore diameter D ) 24.9σ at 77.4 K. Open circles and triangles
and dashed and solid lines represent the results from the GCMC
simulations,20 experimental standard adsorption on nonporous silica,44

MF theory, and present DFT, respectively.
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the hysteresis loop moves to the lower pressure region in the
density-pressure plane. It is a delicate problem to predict
adsorption and desorption isotherms associated with pressure.
Because of the large discrepancies in bulk properties, MF theory
does not cope with such a delicate problem very well.

The grand potentials of the system are presented in Figure
12b, which demonstrates the DFT prediction capacity for the
phase equilibrium of the nitrogen in the MCM-41 cylindrical
pore. The present DFT predicts an excellent result for the vapor
and liquid branches of adsorption. The hysteresis loop formed
by the metastable adsorption and the equilibrium desorption
branches from the present DFT are also in agreement with the
experimental data,44,45 which is the same as that of Ravikovitch
et al.20 The MF theory gives a similar saturated vapor and liquid
density, but the saturated pressure predicted is much lower than
the experimental data. Figures 10-12 show the potential
application of the present DFT in the prediction of adsorption
and phase equilibrium on MCM-41-type materials.

The effect of temperature on the adsorption of nitrogen on
MCM-41-type materials with a large pore (D) 20σ) is illustrated
in Figure 13. As the temperature is increased, the adsorption
isotherm curve shifts toward high chemical potential region. At
low temperature T* ) 0.7, there are two hysteresis loops in the
isotherm curve. The left small hysteresis loop indicates a layer-
transition at low pressure, and the right large hysteresis loop
indicates a vapor-liquid capillary phase transition. As temperature

is increased to T*) 0.9, the left small hysteresis loop disappears,
and the large hysteresis loop also disappears before temperature
reaches the bulk critical temperature. This suggests that the
vapor-liquid critical temperature of nitrogen in the MCM-41
cylindrical pore is lower than the corresponding bulk one.

Comparisons of predicted condensation and vaporization
pressures with those from the GCMC simulations and MF theory
at 77.4 K are demonstrated in Figure 14. Here the condensation
and vaporization pressures, i.e., pc and pv, correspond to the right
and left vertical lines of the hysteresis loop in the isotherms,
respectively. It is shown in Figure 14 that both condensation and
vaporization pressures of nitrogen increase as the radius of the
MCM-41 pore is increased. The present DFT predicts accurate
condensation pressure and slightly underestimates the vaporiza-
tion pressure when compared with the GCMC simulations. In
contrast, the MF theory substantially underestimates both

(44) DeBoer, J. H.; Linsen, B. G.; Osinga, T. J. J. Catal. 1965, 4, 643–649.
(45) Kruk, M.; Jaroniec, M.; Sayari, A. Langmuir 1997, 13, 6267–6273.

Figure 11. Adsorption isotherm of nitrogen in MCM-41 cylindrical
pore with a pore diameter D ) 20σ at 77.4 K. Open circles and dashed
and solid lines represent the results from the GCMC simulations,20 MF
theory, and present DFT, respectively.

Figure 12. (a) Adsorption isotherms and (b) grand potentials of nitrogen
on MCM-41 with a pore diameter D ) 14.9σ at 77.4 K. Open circles
and triangles and dashed and solid lines represent the results from the
GCMC simulations,20 experiments,45 MF theory, and present DFT,
respectively.

Figure 13. Predicted adsorption isotherms of nitrogen on MCM-41 with
a pore diameter of D ) 20σ at different temperatures.

Figure 14. Dependence of (a) capillary condensation pressure and (b)
capillary vaporization pressure on the pore size for nitrogen adsorption
on MCM-41-type materials at reduced temperature T* ) 77.4 K. Open
circles, triangles, and squares represent the results from GCMC
simulations,20 present DFT, and MF theory, respectively. Dashed and
solid lines are guides to the eye.
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condensation and vaporization pressures.

4. Conclusions

Traditional MF approximation describing the attractive Len-
nard-Jones interaction in DFT can not reproduce accurate bulk
properties when compared with molecular simulations and
experiments. In this work, a DFT based on the MFMT and MBWR
equation of state is presented. The attractive interaction is
expressed as a functional of attractive weighted density. In this
way, with the same set of Lennard-Jones parameters as in the
molecular simulations, the present DFT is able to reproduce
accurate bulk properties such as bulk chemical potential,
equilibrium density, pressure and vapor-liquid surface tension.

The proposed DFT has been examined extensively using the
recent published GCMC simulation data for the Lennard-Jones
fluid (argon) confined in a model cylindrical pore. The average
densities in the pore predicted from the present DFT are in good
agreement with those from the simulations, and the pressures in
the hard cylindrical pores are slightly overestimated. The effects
of the fluid-pore wall interactions on average densities and
pressures in the pores are also accurately described by the present
DFT.

The present DFT has been applied to adsorption of nitrogen
on MCM-41-type materials with different cylindrical pore
diameters at 77.4 K. The density profiles calculated from the
present DFT agree with those of the GCMC simulations very
well. The adsorption isotherms predicted from the present DFT
are in good agreement with the results from the GCMC
simulations and experiments. In contrast, the hysteresis loop
calculated from the MF theory moves toward the low pressure
region because the MF equation of state predicts a low pressure
of the bulk fluid. The present DFT predicts that the layer-transition
takes place in the large MCM-41 pores at low temperature and
pressure. The present DFT has potential in the prediction of
adsorption and capillary condensation of simple gases on porous
materials.
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